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Self-affine fractal distributions of the bulk density, elastic moduli,
and seismic wave velocities of rock
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The scale dependence of the bulk denpignd seismic wave velocitieg, andV and the possibility of the
existence of long-range correlations in such properties in field-scale porous (R8&iR) are investigated. We
analyze measured data fprV,, andVs for nine FSPM, using the maximum entropy method and the wavelet
decomposition technique. The analysis indicates the existence of long-range correlations in the data, charac-
terized by self-affine fractal distributions that follow the statistics of the fractional Brownian motion. There-
fore, the elastic moduli of the FSPM should also be fractally distributed and contain long-range correlations;
our analysis confirms this. The implications of the results for modeling elastic moduli of porous rock, fracture
propagation in FSPM, and the interpretation of seismic wave recordings of FSPM are discussed, and the
possible deviations from the classical analysis of such phenomena are pointed out.
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I. INTRODUCTION Hon o o o
. . ) = yoS = oS+ 92 =2+ [r =g, (2)
Natural porous media are highly heterogeneous at many 2¢
length scales, ranging from pore to laboratfity3] and field
scales [1,3]. In particular, in field-scale porous media Wheres is a smoothing parametey, and y; are two con-
(FSPM, such as oil and gas reservoirs and groundwatestants, andH is the Hurst exponent. The spectral density of a
aquifers, the porosity, permeability, elastic moduli, bulk den-1D FGN—the Fourier transform of its covariance—is then
sity, seismic wave velocities, and other properties are broadlgiven by
distributed. Better understanding of the geology of FSPM,
and in particular the distributions of their morphological,
flow, and geophysical properties, is critical to the modeling
of a wide variety of important processes in such formations,
such as flow of fluids, nucleation and propagation of fractureFor frequenciesv>1/s the spectral density of a FGN be-
seismic wave propagation, and earthquakes. comes negativéand unphysical The corresponding spectral
To model the geology of FSPM, one must first analyze thedensity of a 1D FBM is given by

existing data for their various properties. The data may be
divided into two groups(l) In one group are what are usu- YoH 1
ally called thedirect data, which include measured distribu- Slw) = (1 - 2H)cog 7H) 0?1 (4)
. X . . : 7H) o
tions of the porosity, permeability, elastic moduli, and bulk
density. Such data provide direct information on the moryte thatH > 0.5 (<0.5) indicates positivénegative corre-

phology of FSP.M and their eff_ective pro_per_tieég) Indi_rect lations in the data, with the extent of the correlations being
data, the most important of which are seismic recordings, arg,

1
S(w) = —70HF(2H )sin(mH)—5= JRC=T (3)

fluids in FSPM. b ield insiaht i he | | are random and follow a Brownian motion.
uids in , but yield insight into the large-scale struc- — gy;0nqjyve studie$6—11] have provided strong evidence

ture of FSPM, as well as the distribution of the porosity. that the porosity logs of FSPM often follow the statistics of a
Field-scale porous media are usually stratified and conta|&GN or FBM and that, in most casé® within a few per-

a number of layers of different properties. Hewlet} pro- .oy 11— 85 Similarly, measurements on outcrop surfaces

%rowded evidencg¢12-14 that, in many cases, the perme-
“ability distributions follow Eqgs(3) and(4). For example, the
analysis of Goggiret al. [12] on sandstone outcrop data
indicated that the logarithm of the permeabilities along the
lateral trace follow the FGN statistics witd =0.85, while
1 Neuman 15] presented strong evidence that the permeability
wr) = §<[|0(f) =p(r+1)]?), (1) distributions of many aquifers follow the statistics of a FBM
with H<0.5. Others[11,16,17 provided evidence that, at
wherep(r) is the the datum measuredraand the averaging least in some cases, the porosities may follow a fractional
is over all the values of. The semivariogram of a one- Levy motion which represents a generalization of the FBM.
dimensional(1D) set of data that follow the statistics of an These matters have been reviewed by Mailal.[17]. In any
FGN is given by[5] event, it is now widely accepted that the porosities and per-

direction perpendicular to the bedding may follow the statis-
tics of a fractional Gaussian noi$EGN), while those paral-
lel to the bedding follow a fractional Brownian motion
(FBM). The semivariogram of a set of data is defined by
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meabilities of most, if not all, FSPM are scale dependent and TABLE I. The porous formations and their locations and the
fractally distributed and, therefore, contain long-range correthicknesses of the zones in which the data were collectési the

lation. number of data points in each set.
Although well logs, which often provide the data for the
porosity and resistivity of FSPM, can have accurate vertical Well Location Thicknesgm) n
resolution which is important to accurate flow simulation in ) _
FSPM, they represent only a small portion of the formations. 39°A ~ Central Equatorial North Atlantic 155 1376
They are also considered as “point” properties in the sense389B Iberian Abyssal Plain 40 258
that they represent the properties of zones of rock that areo7a Iceland Plateau 74 486
;/hery §maI]Ic ;:é)mpq(;etc)il WEh ttrr:etlinear si(zje_ OIhFSPM Iort_evenfllg,ws\ Kerguelen Plateau 05 621
e size of the grid blocks that are used in the simulation o .
flow and transp?)rt in FSPM. Seismic data, on the other hand1168A Tasmam.an Sea 130 856
are areally dense, but vertically sparse, and, therefore, aret’OP Tasmanian Sea 120 788
complementary to well-log data. Such data represent, howl172D Tasmanian Sea 94 617
ever, interval-average or “block” properties of rock. Thus, 1224F Hawaii-2 Observatory 119 781
there is avolume support differendsetween the two types of 1238A  Equatorial Southeast Pacific 408 2088
data. If one uses averaged Iog data, instead of point datg,, ;g Equatorial Northeast Pacific 212 1379
then the difference between their volume support and that o
seismic data is reduced to the level that the two sets of dataz242 South Ellwood Field 108 710
can be integrated with good accuracy in order to produce azp47 South Ellwood Field 112 735
more accurate representation of FSPM. Thus, analyzing €ISz, South Ellwood Eield 103 676

mic wave velocities and the associated elastic moduli and
bulk density data of FSPM and investigating whether they

are scale dependent are also important for the developmepésults even when the number of data points is relatively
of more accurate models of FSPM. gmall (as is often the case with FSPMand (2) efficient

an;—lhgisuorf cr)r?:ac;tjtrgcsj %Z?;rflc?r tgceriifr(l)i? wgvreesi/lgfzc?tfigsasatg omputations using the method must be possible. With these
y in mind, two methods were used to analyze the data which

bulk densities of nine FSPM, of which eight are off shore ; )
and one is on shore, and to discuss the implications of thé:ere shown previouslf19] to possess the above two prop

results for several important problems in geophysics an rties. One was the maximum-entrofitE) method. In this
rock mechanics. Paintest al. [16] previously carried out a ethod the spectral densig(w) is given by

fractal analysis of the seismic reflection and amplitudes of ag
some FSPM and argued that these properties may follow a S(w) = SH g (5
fractional Levy motion(see, however, Ref17]). 1+ k=1 aZ

The plan of this paper is as follows. In the next section we -
briefly describe the data. Section Il presents the methods o\yh?rﬁ th(t;)h coLeff|C|er:tak .Zr; ():élgﬂaée? sgt(;]h tga_t E(ti)
analysis that we have utilized in this paper. The results arfnac es the Laurent seriesw) =20z, with z being the

presented and discussed in Sec. IV, while their implicationd/©dUeNcy in theztransform planez=exp2miwA), and A
are considered in Sec. V. the sampling interval in real space. In practice, one first com-

putes[19] the correlation functions

Il. DATA |
We have analyzed the data for compressional and shear Ci=(PiPi+j) = LE PiPis (6)
wave velocities—V, andVs, respectively—and the bulk den- N=Ji=1

sity p of eight off-shore and one on-shore formations. The ; . .

. . wheren is the number of data points amgis the measure-

off-_shore data can be downloaded from an mternet[ﬂ@ ment at pointi. The coefficientsy, are then calculated from

while those for the on-shore porous formation—the South
Ellwood field in the Los Angeles basin—were kindly pro- M

vided to us by Venco, Inc. All the data were in the form of > 3jCj=C, k=1,2,... M. (7)
i=1

depth-dependence properties and were inferred from the seis-
mic response at roughly equally distanced points about aq 5 check of the accuracy of our ME analysis, we also

15 cm apart. Table | summarizes the most important featureénalyzed the data using the wavelet decomposition method

of the data sets that we have analyzed. Figure 1 presenisq] by which one calculates theavelet-detail coefficients
typical data for well 395Asee Table )l of the mid Atlantic {he wavelet transformation, of the measured propety;
Ridge field, an off-shore field. For comparison, we show indefined by

Fig. 2 the same data for well 3247 of the South Ellwood
field, the on-shore porous formation.

D;(k) = 2‘1’2J p(r) (277 — kydr. (8)
I1l. ANALYSIS OF THE DATA —®

Any method that one uses for analyzing the data forHere, is the wavelet functiork=1,2, ... n, and thej’s are
FSPM must have two propertie€l) It must yield accurate integers. One fixepand variesk to calculateD;(k). For each
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FIG. 1. The data for well 395A in the mid Atlantic Ridge field, an off-shore field.

j one determine® such numbers and calculates their vari- Figure 5 shows the spectral density of the data for the
ancecd?(j). Then, it can be shown thf20], regardless of the shear wave velocity/s along well 1137A in the Antarctic, an

wavelety, one has off-shore field. Once again, over much of the frequency
_ _ range the data appear to follow a FBM. To compare the
log,[0?(j)] = (2H + 1)j + const. (9)  results shown in Fig. 5 with those for an on-shore field, we

Our analysis using the two methods yielded essentially inShow in Fig. 6 the results for well 3252 of the South Ellwood

: — field. In this case, the spectral density follows E4). over
dentical results for the Hurst exponenif hence confirming the entire range of the frequency, hence indicating that the
the accuracy of the results presented below.

data follow a FBM. Similar results were obtained for all the
V, data that we analyzed.
IV. RESULTS AND DISCUSSION A typical speqtral densi_ty fqr the bqlk densities of an off-
shore formation is shown in Fig. 7 which presents the results

In what follows we first describe and discuss the resultdor well 1172D of the Tasmanian Sea field. Although there
for the bulk density and wave velocities, after which theare some fluctuations in the spectral density, ove®ad)
results for the elastic moduli are presented. follows Eq. (4). For comparison with the data for an on-
shore field, we present in Fig. 8 the spectral density for the
bulk densties measured along well 3242 of the South Ell-
wood field.

In Fig. 3 we show an example of the spectral density of Our analysis indicates that in all the cases the distribu-
the data for the compressional wave velocivgsalong well  tions of the wave velocities and the bulk densities follow the
889B, in the off-shore field in northeast Atlantic Ocean. Overstatistics of the FBM and that the Hurst exponents that are
the entire frequency range, the spectral density follows Egestimated by the maximum entropy method and wavelet de-
(4). Figure 4 presents the results for well 3252 in the Souttcomposition technique are completely consistent with each
Ellwood field, an on-shore fieltsee Table)l In this case, the other. Table Il presents the estimated Hurst exponents for all
spectral density appears to deviate from Ei).at large fre- the data analyzed.
guencies, which correspond to small length scales at which The numerical errors for fitting Eq4) to the computed
the measurement instruments may not have high enougépectral densities are very small, as the figures also indicate.
resolution. Similar results were obtained for all g data  The possible errors in estimating the Hurst exponeis, to
that we analyzed. the uncertainties in the datare as follows. According to the

A. Bulk density and seismic wave velocities
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FIG. 2. The data for well 3247A in the South Ellwood field, an on-shore formation.

sources of the data, the estimated errors in the measurement0.35. For the Tasmanian Sea formation, the three distribu-
of p andV, are only a few percent, which correspond to verytions ofV, are characterized by 0.31H<0.4 which, given
small variations in the estimates ldf about +0.03. The same the uncertainty in the data, may be approximted by their
sources also indicate that the estimated errorsMprare  average 0.35. Similarly, for the on-shore field the Hurst ex-
about 10%-15%, which translate into a variation of aboutponent is essentially about 0.40, still to within 13% of the
+0.06 in the estimates dfl. Therefore, in all the cases, the average Hurst exponent of the off-shore formations, hence
maximum possible errors in the estimates Hbfare well indicating a possible universal vall&=0.35+0.05.
within the range of the variations ¢f shown in Table II. Consider now the results for the shear wave velockigs
Certain features of the results listed in Table Il are worthThe uncertainty in estimating the Hurst exponents\fgiis
noting. Consider, first, the results fof,. For the off-shore  somewhat larger than that &, with the Hurst exponents
formations one has 0.20H<0.4, with an averageH  for the off-shore formations being more scattered than those
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FIG. 3. Spectral density of the comporessional wave velagity FIG. 4. Same as in Fig. 3, but for well 3252 in the South Ell-
along well 889B in northeast Atlantic ocean. wood field.
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FIG. 7. Spectral density of the bulk densjiyalong well 1172D

FIG. 5. Spectral density of the shear wave velodifyalong well
in the Tasmanian Sea field.

1137A in the off-shore field Antartic.

of V,,. Roughly half of the formations are characterized byv,, but different from that otV for which two of the esti-
H<0.5 with an average value of 0.33, which is close to thaimated Hurst exponents were consistent with one another, but
of the compressional wave velocities, while the other half aralifferent from the third one. In the case of the on-shore field,
characterized by 0.42H<0.60. The results for the Tasma- the estimatedH for the three data sets are clustered around
nian Sea formation are particularly interesting, as the HursH=0.93.
exponents folV, and V, for two of the data sets are practi-
cally identical, while they differ significantly for the third B. Elastic moduli
set. The difference might be attributed to the differences be- '
tween the morphology of that zone of the formation in the Through the classical relations between the wave veloci-
third set of the data was measured and those of the other twiies, the bulk densities, and the elastic moduli, one can esti-
zones or some unknown factor. In the case of the on-shor@ate the corresponding elastic moduli, given the datgfor
field, the scatter in the estimateétlis large, indicating pre- Vs andV,. Consider, for example, the shear modutaisnd
sumably a very heterogeneous porous formation in which theulk modulusk. One has
zones in which the data were collected have very different 2
morphologies. G=pVs, (10

As for the bulk densities, with one exceptigihe forma-
tion in central equatorial north Atlanticall the estimates of K= pV2 - ‘_"G - p<V2 _4 2) (11)
the Hurst exponent fall in the range 0.75H=<1.0, indi- P 3 P33
cating positive correlations which is what may be intuitively Trherefore, given that the wave velocities and the bulk den-

expected. The estimated Hurst exponents for the Tasmaniar o
Sea data are more or less consistent with one anéghesn sity appear to be fractally distributed, one may also expect

the uncertainty in the dataconsistent with the pattern for the elastic moduli to be scale dependent and fractally distrib-
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FIG. 6. Same as in Fig. 5, but for well 3252 in the South Ell- FIG. 8. Same as in Fig. 7, but for well 3242 in the South Ell-
wood field. wood field.
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TABLE Il. The porous formations and the resulting Hurst exponents for the seismic wave veldgitesl Vs, the bulk densityp, the
shear modulu$s, bulk modulusK, and Young’s modulu¥.

Well Location HVp Hy, H, Hg Hgk Hy
395A Central Equatorial North Atlantic 0.39 0.57 0.62 0.49 0.38 0.52
889B Iberian Abyssal Plain 0.29 0.36 0.85 0.35 0.33 0.31
907A Iceland Plateau 0.36 0.29 0.70 0.56 0.27 0.38
1137A Kerguelen Plateau 0.35 0.39 0.93 0.52 0.38 0.35
1168A Tasmanian Sea 0.40 0.53 0.75 0.60 0.50 0.34
1170D Tasmanian Sea 0.31 0.32 0.80 0.39 0.34 0.33
1172D Tasmanian Sea 0.35 0.37 0.87 0.36 0.28 0.28
1224F Hawaii-2 Observatory 0.38 0.47 0.77 0.45 0.33 0.38
1238A Equatorial Southeast Pacific 0.37 0.50 0.94 0.49 0.36 0.40
1241B Equatorial Northeast Pacific 0.33 0.60 1.00 0.64 0.35 0.45
3242 South Ellwood Field 0.41 0.51 0.98 0.51 0.42 0.51
3247 South Ellwood Field 0.43 0.62 0.89 0.56 0.35 0.46
3252 South Ellwood Field 0.36 0.42 0.93 0.47 0.37 0.39

uted with long-range correlations. However, if the data for y? \dy

Vs V,, and p follow the statistics of a FBM(albeit with fo(r) = 2erv*HVJ P(‘W _ZrZ—HV> 2

different values of the Hurst exponéy, the distributions of

G andK (and that of the Young’s moduluslo not, in prin- (15
ciple, have to be FBM also. To see this, recall the basic Xvhich, | id L with wh 5 Id
definition of a random variabl&(r) that follows the statistics ich, in general, is not identical with what E(.2) wou

yield.
of a FBM. One has21] However, we find, surprisingly, that the elastic moduli
follow, at least approximately, the statistics of a FBM, albeit
P{X(r +h) = X(r) < J ex;{ ZhZH)dy’ with a value ofH different from those obtained for, V,, and

V,. Figure 9 shows, for example, the results for the shear
(12) moduli measured along well 1137 in the Antarctic, exhibiting

reasonable power-law scaling for the spectral density. Figure
where P denotes the probability. Therefore, assuming thatlO presents similar results for well 3252 in South Ellwood

the random variableX(r) andY(r) are independent, then the field, exhibiting even more accurate power-law scaling of the
Fourier transfornf (r) of the probability distributiorf,(r) of ~ SPectral density o&s. We find that for the bulk moduluk,

a random variabl&(r)=X(r)Y(r)? is given by[22,23 0.27=<H=0.38, with an average value of abogt 0.33,
whereas for the Young’s modul¥s 0.28<H < 0.45, with an
fw(r) = (exeiwX()Y(N)2]), (13) average value of about 0.36, within the range of variations of

the Hurst exponent fdk. Table Il summarizes the results for
where(-) denotes expectation value of the quantityXIf)
and Y(r) denote, respectively, the stochastic variables bulk o
density p and shear wave velocity that are distributed
according to a FBM with the Hurst exponertts and Hvs- 0 -

Egs.(12) and(13) imply that the Fourier transforrﬁ,,(r) of
the probability distribution functiorig(r) of G:p(r)Vg(r) is -2 1
given by

r~H,~Hy, N
\zwf J eXp< "’Xy_zz” 22Hv>d xdy

8 . , , . . . :
_ (2H, 204 5.0 45 4.0 35 30 2.5 2.0 15 1.0
= _VET GX% P y4 2Hv ) (14)
—00

In o

In S(w)

f,(r)

FIG. 9. Spectral density of the shear moduli along well 1137 in
Therefore, the Antartic field.
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8 wave front propagates in a heterogeneous medium with frac-
tal distributions of the local elastic moduli. We have recently
shown[27] that acoustic waves in such media will lneal-

6 ized in any dimensigni.e., one can define a localization
lengthL, such that for distancds> L, from the wave source
the wave amplitude will be too small to be detected. This

§ 4 result has important implications for interpreting seismic
£ records in terms of the solution of the classical acoustic wave
31 equation in which no correlation of the type discovered by

our analysis is included. In particular, if a heterogeneous
rock of linear dimensior., with the type of heterogeneities
14 discovered in this paper, is to be surveyed by a seismic
method, the seismic records will not provide any useful in-
' ' ' ' ' ' ' formation on the rock morphology for length scale> L,.
R A In addition, we have showf28] that, unlike homoge-
neous media or those with uncorrelated heterogeneities in the
FIG. 10. Same as in Fig. 9, but for well 3252 of the South gjastic constants, the shape of a wave front in media with
Ellwood field scale-dependent elastic constants is very rofwghereas in
homogeneous or weakly heterogeneous media the front is
all the Hurst exponents of all the elastic moduli. The esti-smooth), with its roughness structure related closely to the
mated errors for the Hurst exponents of the elastic modulHurst exponentH for the distribution of the local elastic
should be about the same as thosé/pf constants. More precisely, if we define the widtL ,t) of
the wave front by

V. IMPLICATIONS OF THE RESULTS
w(L,t) =([h(x,t) = () 13, (16)
The results presented above have at least three important

implications. ; ; :
(i) The scale dependence of the elastic moduli impliesWhereh(X’t) IS the height of the wave froriivith respect to

that, in order to carry out numerical simulation of deforma—a reference planat positionx at timet and(h), is its aver-

tion of rock samples and compute its mechanical propertie?ge over a h_orlzontal segment bf then_ according to the

the computational grid which is used in the numerical simu-dynamIC scaling theory of Family and VicsgR9] one has

lations must be large and the elastic constants of the grid

blocks must be correlated and fractally distributed. The pre- h(x,t) = (), ~ tPF(x/tP'), (17)

cise way by which a fractal distribution of the local elastic

moduli is used in the computational grid representing th&yhereqa andg are two exponents anidu) is a scaling func-

rock is |mpo.rtant..SeveraI mod'els have alregdy been sugion. In particular,

gested for simulating fluid flow in rockl,3] which, by ap-

propriate modifications, can be used for studying rock’s me-

chanical properties. Let al.[24] suggested, for example, a

method for generating a realistic model of heterogeneous

rock based on fractal statistics and the distribution of thewith « being the roughness exponent of the wave front. We

facies (that is, zones of rock with distinct distributions of find that[28] if the local elastic moduli of a heterogeneous

local flow and transport properties which large-scale fa- medium, such as rock, are distributed according to a FBM

cies distributions are generated by a stochastic method anlith a Hurst exponeni, thene=H, an important result, in

FBM distributions are used for generating the distributionsour view, that connects the static morphology of a porous

of the local permeabilities within the facies. The same modeformation(characterized by the Hurst exponeik to its dy-

may be used for studying mechanical properties of rock, witmamical propertie$w and «).

the local permeabilities in the model of lat al. replaced by (iii) Over the past several decades, many models have

the elastic modulf25]. been proposed to study how cracks propagate in heteroge-
(i) Wave propagation in heterogeneous media, such aseous rock. However, fracture propagation in rock, or any

rock, has been studied for decadesse, for example, Sato heterogeneous material for that matter, depends sensitively

and Fehlef26]). The phenomenon is important in view of on the distribution of its local elastic constaf8] and, in

the fact that the acoustic properties of rock provide clues tarticular, the correlations between them. At the same time,

its heterogeneous morphology. In particular, the processing practically all the previous models of fracture propagation

of seismic data and the delineation of rock structure fromin rock, the correlations of the type described in this paper

them have been problems of great interest for decades. Howvere not considered. Our preliminary simulations indicate

ever, given that, according to our results, the wave velocitieghat inclusion of a scale-dependent elastic constant gives rise

density, and elastic moduli appear to be scale dependent ata complex fracture patterns in rock, which better resemble

fractally distributed, one should study the problem of how athe observed natural fracture patterns in rpti3].

w(L,t) ~ Leg(t/LP'9), (18)
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implications for the important problems in geophysics andmany useful discussions. The work of the second author was
rock mechanics that we discussed above. supported by the NIOC.
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